The class 33 of all those n-dimensional weak Chebyshev subspaces of C [a, b] whose elements have no zero intervals is considered. It is shown that there does not exist any continuous selection of the metric projection for G if there is a nonzero g in G having at least n + 1 distinct zeros. Together with a recent result of Niirnberger-Sommer, the following characterization of continuous selections for 93 is valid: There exists a continuous selection of the metric projection for G in 33 if and only if each nonzero g in G has at most n distinct zeros.
If G is a nonempty subset of a normed linear space E, then for each / in E we define P(f) := {g0 G G\ \\f -g0\\ = inf{||/-g|| \g G G}}. P defines a set-valued mapping of E into 2° which in the literature is called the metric projection onto G. A continuous mapping í of £ onto G is called a continuous selection for the metric projection P (or, more briefly, continuous selection) if s(f) is in P(f) for each / in E. In this paper we treat the problem of the existence of continuous selections for «-dimensional subspaces G of C [a, b] , with C[a, b], as usual, the Banach space of real-valued continuous functions on [a, b] under the uniform norm.
A. Lazar, P. Morris and D. Wulbert [3] have characterized the 1-dimensional subspaces of C(A) with X compact Hausdorff, which admit a continuous selection. They have raised the problem of characterizing the corresponding «-dimensional subspaces.
Using the kind of selection established by Lazar-Morris-Wulbert, it does not seem possible to get a general theorem for «-dimensional subspaces of C [a, b] . With new methods, however, and in the setting of weak Chebyshev subspaces, Nürnberger-Sommer [4] , [5] and Sommer [7] , [8] have given both sufficient conditions for the existence of continuous selections and characterization theorems of the existence of continuous selections for several classes of «-dimensional weak Chebyshev subspaces of C[a, b] (see also Nürnberger [6] ).
In the following we refer to a result in [4] . Niirnberger-Sommer have shown that for those weak Chebyshev spaces G whose elements g (g ^ 0) have at most « distinct zeros on [a, b] , there exists exactly one continuous selection.
Here we show that for those weak Chebyshev spaces G which have no elements vanishing on intervals but which have elements g (g ^ 0) with at least « + 1 distinct zeros, there does not exist any continuous selection. To prove this result we apply a fundamental lemma of Lazar-Morris-Wulbert. Hence we have the following characterization of the existence of continuous selections for those «-dimensional weak Chebyshev subspaces G of C[a, b] whose elements do not vanish on intervals.
There exists a continuous selection for G if and only if each g in G has at most « distinct zeros. A zero x0 of / in G is said to be an essential zero with respect to G, if there is a g in G with g(x0) ^ 0. Niirnberger-Sommer [4] have given the following sufficient condition for the existence of a continuous selection. 7 . Theorem. Let G be weak Chebyshev. Let \Z(g)\ < « for each g in G, g ^ 0.
Then there exists exactly one continuous selection.
Since \Z(g)\ < « for each g in G, g ^ 0, no g in G has a zero interval. We will show that for those weak Chebyshev spaces G which have no elements with zero intervals but which have elements g with |Z(g)| > « + 1, there does not exist any continuous selection. For this we need the following lemmas.
8. Lemma (Lazar-Morris-Wulbert [3] ). // s is a continuous selection of C[a, b] onto G and f is in C[a, b], ||/|| = 1 and 0 is in P(f), then there is a g0 in P(f) such that (1) for every x G bd Z(P(f)) n /" '(1) and every g in P(f) there is a neighborhood U of x for which g0 > g on U and (2) for every x G bd Z(P(f)) n /_l (-l) and every g in P(f) there is a neighborhood V of x for which g0 < g on V.
Here Proof. Let a < z0 < zx < • ■ • < zn < b be n + I distinct zeros of goFirst case: a < z0, zn < b. We will construct a function g0 having exactly « -1 zeros with changes of sign and two further zeros on [a, b). Since z0, . . . , zn are separated zeros of g0, by Lemma 9, there are two points z¡, Zj G {z0, . . . , z"}, i <y, such that g(z¡) -g(zj) = 0 for all g G G.
We choose « -1 distinct points zn<tx < ■ ■ ■ <tn_x<b.
By Theorem 4 there exists a g0 G G, g0^ 0, such that (-l)' + 1g0(x) > 0, i,_, < x < r,., i = 1, . . . , «, t0 = a, t" = b.
Moreover g0(z¡) = g0(zj) = 0. Since /,,...,/"_, are zeros with changes of sign of g0 and G is weak Chebyshev of dimension «, the function g0 has no further change of sign on (a, b) and, therefore, no change of sign at z, and Zj. Let || g0|| < 1. We choose n + 1 distinct points {u,}".^ satisfying Zj <v0 < Zj < vx < tx <v2 < ■ • ■ <t"_x <vn < b.
We choose e > 0 such that {z¡, Zj, tx, . . . , t"_x, Therefore the function g has a double zero in Zj and also in z" if z, > a. Since no g G G has a zero interval, it follows that z,, Zj G bdZ(P(f)). Now we apply Lemma 8.
If there exists a continuous selection, then there exists a g G P(f) such that (i) for z, and g0 there is a neighborhood t/ of z, for which g > g0 on I/, and (ii) for Zj and 0 there is a neighborhood F of Zj for which g < 0 on V.
Since g > g0 on t/, g ^ 0.
Moreover, g > 0 on [a, u, -e]. Therefore, in every neighborhood V of Zj there is a point x such that g(x) > 0. But this is a contradiction to Lemma 8.
Second case: a < z0, z" < £. We can treat this case analogously.
Third case: Let |Z(g)| < « on [a, b) and on (a, b] for all g G G. By hypothesis there is a g0 G G, g0 * 0> witn exactly « + 1 distinct zeros a = z0 < z, < • • • < zn = b. Let a < z, < z2 < • • • < tk < b be all zeros with changes of sign and a <yx <y2 < ■ ■ ■ <yn-k^x < b be all double zeros of g0. First we show that k = n -I or k = n -2. No other possibilities are allowed. We assume that k < » -3. We choose n -k -I points z"_, < tk+x < ■ ■ ■ < tn_x < b. By Theorem 4 there exists a g0 G G, g0 s 0, such that (-l)'+,g0(*) > 0, i,_, < x < /,., i = 1, ...,«, /" = a, /" = Z>.
We may assume that g0g0 > 0 on [a, tk + x]. Since « -k > 3, g0 has at least « -A: -1 > 2 double zeros on (a, b) and therefore |Z*(g0)| > « + 1 on (a, b). If go(y¡) ^0 for all z G (1, . . . , « -k -1}, then for sufficiently small c > 0 the function g0 -cgQ has at least « + 1 changes of sign. This is a contradiction of the hypothesis on G.
If there are ix,i2 G{1, . . . ,n -k -1} such that g0(^,,) = g0(^,2) = 0, then g0 has « + 1 distinct zeros tx, . . . , tn_x,yi, v, on (a, b). This is also a contradiction of the hypothesis.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Therefore there is exactly one double zero y,o of g0 such that g0(yi() -0. Then g0 has « distinct zeros tx, . . . , t"-X,y¡ on (a, b). Then for sufficiently small c > 0 the function g0 -cg0 has at least k + 2(« -k -2) = n + n -k -4 > n -1 changes of sign on (a, b) because g0 does not vanish on exactly « -k -2 double zeros of g0. Moreover g0 -cg0 has a further zero in y¡ and also a further zero on a neighborhood of a, because g0 • g0 > 0 on [a, z^+,] .
Hence g0 -cg0 has at least « + 1 distinct zeros on [a, b) . This is a contradiction of the hypothesis of this case. Hence we have shown that n-k=lorn -k = 2. We distinguish these two cases: (i) n -k = 1. Therefore g0 has exactly n -1 changes of sign on (a, b) . Let g G G, g ^ 0. Then g(a) = g(¿>) = 0, because otherwise the function g0 -eg has « changes of sign for sufficiently small c.
Therefore g(a) = g(b) for all g G G.
Now we proceed as we did in the first case. We choose « distinct points {«,}"_, satisfying a < t>, < z, < v2 < z2 < • • • < vn_x < z"_, < v" < b. Then ||/ -0|| = ||/ -g0|| = 1 and 0, g0 G P(f).
It is easy to show that each g G P(f) has exactly « -1 changes of sign.
Moreover g(a) = g(b) = 0 for all g G P(f). Therefore a,b G bdZ(P(f)). Applying Lemma 8 to the point a and g0 G P(f) and to the point b and 0 G P(f) we get a contradiction of the hypothesis that there exists a continuous selection.
(ii) « -k = 2. Therefore, g0 has exactly « -2 zeros with changes of sign and exactly one double zero z, on (a, b).
We choose « -1 distinct points {v,}"Z¡ satisfying a < z, < vx < z2 < v2 < ■ ■ ■ < vn_2 < z"_, < u"_, < b. Then ||/ -0|| = ||/ -g0|| = 1 and 0, g0 G P(f), since/ -0 has « + 1 alternating extreme points. Let g G P(f), g ^ 0. Then it is easy to show that g has at least « -2 changes of sign and a double zero at z,, since otherwise g has « changes of sign. This would be a contradiction of the hypothesis on G.
Since g(a) > 0, (-l)"g(b) > 0, for sufficiently small c > 0 the function g0 -eg has n -2 changes of sign, a double zero at z, and two further zeros on neighborhoods of a and b. Since by hypothesis |Z(g0 -cg)| < « on [a, b) and on (a, b], the function g0 -eg has two zeros at a and b. Therefore g(a) = g(Z>) = 0 for all g G Pif) and a, z" b G bdZ(P(/)).
Applying Lemma 8 to the point a and g0 G /*(/) and to the point z, and 0 G P(f) we get a contradiction of the hypothesis that there exists a continuous selection. Now we give two examples showing that it is necessary to distinguish the two cases n -k = I and « -k = 2 in the third part of the above proof.
